KERNEL RIGIDITY(General and geometric topology today and their problems) by Oka, Shinpei
TitleKERNEL RIGIDITY(General and geometric topology todayand their problems)
Author(s)Oka, Shinpei




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University




In this note, we characterize the class of $\omega_{1}$-strongly countable-dimensional metriz-
able spaces by a special metric. A characterization of locally finite-dimensional
metrizable spaces is also obtained.
If every finite open cover of a metrizable space $X$ has a finite open refinement of
order $\leq n+1$ , then $X$ has covering dimension $\leq n$ , dim $X\leq n$ . For $\epsilon>0$ , we let
$S_{\epsilon}(x)$ denote the $\epsilon- bffi\{y\in X|\rho(x, y)<\epsilon\}$ about $x$ .
In [5], [6] and [7], J. Nagata gave a characterization of metrizable spaces of
dim $\leq n$ by a special metric.
Theorem 1.1 (J. Nagata [5], [6], [7]) The following conditions are equivarent for
a metnzable space $X$ :
(1) dim $X\leq n$ .
(2) There is an admissible metric $\rho$ satishing the following condition: for every
$\epsilon>0$ , every point $x$ of $X$ and every $n+2$ many points $y_{1},$ $\ldots,$ $y_{n+2}$ of $X$ with
$\rho(S_{\epsilon/2}(x), y_{i})<\epsilon$ for each $i=1,$ $\ldots,$ $n+2$, there are distinct natural numbers $i$ and
$j$ such that $\rho(y_{i}, y_{j})<\epsilon$ .
(3) There is an admissible metric $\rho$ satishing the following condition: for every
point $x$ of $X$ and every $n+2$ many points $y_{1},$ $\ldots,$ $y_{n+2}$ of $X$ , there are ditinct natural
numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})\leq\rho(x, y_{j})$ .
For the case of the separable metrizable spaces, J. de Groot [2] gave the following
characterization.
Theorem 1.2 (J. de Groot [2]) A separable metrizable space $X$ has dim $X\leq n$
if and only if $X$ can introduce an admissible totally bounded metric satisking the
following condition:
For every point $x$ of $X$ and every $n+2$ many points $y_{1},$ $\ldots,$ $y_{n+2}$ of $X$ , there are
natural numbers $i,$ $j$ and $k$ such that $i\neq j$ and $\rho(y_{i}, y_{j})\leq\rho(x, y_{k})$ .
Let $N$ denote the set of all natural numbers. A metrizable space $X$ is the
countable sum of finite-dimensional closed sets, we call X a strongly countable-
dimensional.
In [8], J. Nagata extended Theorems 1.1 and 1.2 to strongly countable-dimensional
metrizable spaces.
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Theorem 1.3 (J. Nagata [8]) The following conditions are equivarent for a metrez-
able space $X$ :
(1) $X$ is strongly countable-dimensional.
(2) There is an admissible metric $\rho$ satisfying the following condition: for every
point $x$ of $X$ , there is an $n(x)\in N$ such that for every $n(x)+2$ many points
$y_{1},$
$\ldots,$ $y_{n(x)+2}$ of $X$ , there are ditinct natural numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})\leq$
$\rho(x, y_{j})$ .
(3) There is an admissible metric $\rho$ satisfying the following condition: for every
poin$tx$ of $X$ , there is an $n(x)\in N$ such that for $eve\eta n(x)+2$ many points
$y_{1},$ $\ldots,y_{n(x)+2}$ of $X$ , there are natural numbers $i,$ $j$ and $k$ such that $i\neq j$ and
$\rho(y_{i}, y_{j})\leq\rho(x, y_{k})$ .
In [3], Y. Hattori characterized the class of strongly countable-dimensional spaces
by extending the condition (2) of Theorem 1.1.
Theorem 1.4 (Y. Hattori [3]) A metrizable space $X$ is strongly countable-dimensional
if and only if $X$ can introduce an admissible metnc $\rho$ satishing the following con-
dition:
For every point $x$ of $X$ , there is an $n(x)\in N$ such that for every $\epsilon>0$ , and
every $n+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}$ of $X$ with $\rho(S_{e/2}(x), y_{i})<\epsilon$ for each $i=$
1, ..., $n(x)+2$, there are distinct natural numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})<\epsilon$ .
2 A characterization of $\omega_{1}$-strongly countable
-dimensional spaces
In this section, we characterize the class of $\omega_{1}$-strongly countable-dimensional
metrizable spaces by a special metric. A characterization of locally finite-dimensional
metrizable spaces is also obtained. Theorem 2.4 and Theorem 2.5 are main theorems.
Definition 2.1 A metrizable space $X$ is locally finite-dimensional if for every
point $x\in X$ there exists an open subspace $U$ of $X$ such that $x\in U$ and dim $U<\infty$ .
The first infinite ordinal number is denoted by $\omega$ and $w_{1}$ is the first uncountable
ordinal number.
Definition 2.2 A metrizable space $X$ is cailed an $\omega_{1}$-strongly $wuntable- dimensi\alpha al$
space if $X=\cup\{P_{\xi}|0\leq\xi<\xi_{0}\},$ $\xi_{0}<\omega_{1}$ , where $P_{\xi}$ is an open subset of
$X-\cup\{P_{\eta}|0\leq\eta<\xi\}$ and dim $P_{\xi}<\infty$ .
5
For a metrizable space $X$ and a non-negative integer $n$ , we put
$P_{n}(X)=\cup${$U|U$ is an open subspace of $X$ and dim $U\leq n$}.
We notioe that for each ordinal number $\alpha$ , we can put $\alpha=\lambda(\alpha)+n(\alpha)$ , where $\lambda(\alpha)$
is a limit ordinal number or $0$ and $n(\alpha)$ is a non-negative integer.
Definition 2.3 Let $X$ be a metrizable space and $\alpha$ either an ordinal number $\geq 0$
or the integer-l. Then strong small transfinite dimension sind of $X$ is defined
as $f_{0}n_{oWS:}$
(1) sind $X=-1$ if and only if $X=\emptyset$ .
(2) sindX $\leq\alpha$ if $X$ is expressed in the form $X=\cup\{P_{\xi}|\xi<\alpha\}$ , where
$P_{\xi}=P_{n(\xi)}(X-\cup\{P_{\eta}|\eta<\lambda(\xi)\})$ .
Furthermore, if sind $X$ is defined, we say that $X$ has strong small transfinite
dimension.
Clearly, a metrizable space $X$ is locally finitedin ensional if and only if sind $X\leq$
$w$ (R. Engelking [1]). And $X$ is $\omega_{1}$-strongly countable-dimensional if and only if
there is a $\xi_{0}<w_{1}$ such that sind $X\leq\xi_{0}$ .
Theorem 2.4 is one of main theorems. Thus we characterize the class of $w_{1^{-}}$
strongly countable-dimensional metrizable spaces by a special metric.
Theorem 2.4 The following conditions are equivalent for a metnizable space $X$ ;
$(a)X$ is an $\omega_{1}$ -strongly countable-dimensional space.
$(b)$ There are an admissible metric $\rho$ for $X$ , an ordinal number $\alpha<w_{1}$ and a
family $\{X_{\beta}|0\leq\beta\leq\alpha\}$ of closed sets of $X$ satisfing the following conditions: (b-1)
$X_{0}=X,$ $X_{\beta}\supset X_{\beta’}$ for $\beta\leq\beta’\leq\alpha$ and $X_{\beta}=\cap$ { $X_{\beta’}$ I $\beta’<\beta$} if $\beta$ is a limit. (b-2)
For every point $x$ of $X$ there are an open neighborhood $U(x)$ of $x$ in $X_{\beta(x)}$ , where
$\beta(x)=\max\{\beta|x\in X_{\beta}\}$ , and an $n(x)\in N$ such that for every $\epsilon>0$, every point $x’$
of $U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{\mathfrak{n}(x)+2}$ of $X$ with $\rho(S_{\epsilon/2}(x’), y_{i})<\epsilon$
for each $i=1,$ $\ldots,$ $n(x)+2$ , there ame distinct natural numbers $i$ and $j$ such that
$\rho(y_{i}, y_{j})<\epsilon$ .
$(c)$ There are an admissible metnc $\rho$ for $X$ , an ordinal number $\alpha<w_{1}$ and a
family $\{X_{\beta}|0\leq\beta\leq\alpha\}$ of closed sets of $X$ satisfing the following conditions: (c-1)
$X_{0}=X,$ $X_{\beta}\supset X_{\beta’}$ for $\beta\leq\beta’\leq\alpha$ and $X_{\beta}=\cap\{X_{\beta’}|\beta’<\beta\}$ if $\beta$ is a limit. (c-2)
For every point $x$ of $X$ there are an open neighborhood $U(x)$ of $x$ in $X_{\beta(x)}$ , where
$\beta(x)=\max\{\beta|x\in X_{\beta}\}$ , and an $n(x)\in N$ such that for $eve\eta$ point $x’$ of $U(x)$ and
every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}$ of $X$ , there are distinct natural numbers $i$
and $j$ such that $\rho(y_{i}, y_{j})\leq\rho(x’, y_{j})$ .
$(d)$ There are an admissible metric $\rho$ for $X$ , an ordinal number $\alpha<\omega_{1}$ and a
family $\{X_{\beta}|0\leq\beta\leq\alpha\}$ of closed sets of $X$ satisfing the following conditions: (d-1)
$X_{0}=X,$ $X_{\beta}\supset X_{\beta’}$ for $\beta\leq\beta’\leq\alpha$ and $X_{\beta}=\cap\{X_{\beta’}|\beta’<\beta\}$ if $\beta$ is a limit. (d-2)
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For every point $x$ of $X$ there are an open neighborhood $U(x)$ of $x$ in $X_{\beta(x)_{f}}$ where
$\beta(x)=\max\{\beta|x\in X_{\beta}\}$ , and an $n(x)\in N$ such that for every point $x’$ of $U(x)$ and
every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}$ of $X$ , there are natural numbers $i,$ $j$ and
$k$ such that $i\neq j$ and $\rho(y_{i}, y_{j})\leq\rho(x’, y_{k})$ .
Also Theorem 2.5 is one of main theorems. We characterize the class of locally
finite-dimensional metrizable spaces by a special metric.
Theorem 2.5 The following conditions are equivalent for a metnzable space $X$ :
$(a)X$ is a locally finite-dimensional space.
$(b)$ There is an admissible metric $\rho$ for $X$ satisfing the following conditions: For
every point $x$ of $X$ , there are an $n(x)\in N$ and an open neighborhood $U(x)$ of $x$
in $X$ such that for $eve\eta\epsilon>0,$ $eve\eta$ point $x’$ of $U(x)$ and every $n(x)+2$ many
points $y_{1},$ $\ldots,y_{n(x)+2}$ of $X$ with $\rho(S_{\epsilon/2}(x’), y_{i})<\epsilon$ for each $i=1,$ $\ldots,$ $n(x)+2$, there
aoe distinct natural numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})<\epsilon$ .
$(c)$ There is an admissible metric $\rho$ for $X$ satisfing the following conditions: For
every point $x$ of $X$ , there are an $n(x)\in N$ and an open neighborhood $U(x)$ of $x$ in
$X$ such that for every point $x’$ of $U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,y_{n(x)+2}$
of $X$ , there are distinct natural numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})\leq\rho(x’, y_{j})$ .
$(d)$ There is an admissible metric $\rho$ for $X$ satisfing the folloutng conditions: For
every point $x$ of $X$ , there are an $n(x)\in N$ and an open neighborhood $U(x)$ of $x$ in $X$
such that for $eve\eta$ point $x’$ of $U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}$ of
$X$ , there are natural numbers $i_{f}j$ and $k$ such that $i\neq j$ and $\rho(y_{i}, y_{j})\leq\rho(x’, y_{k})$ .
To obtain those theorems, we need the folowing lemmas and theorems. Essen-
tially, the fofowing lemma is the same as [3; Lemma 1.5]. By a minor modification
in the proof of [3; Lemma 1.5], we obtain the following lemma.
Lemma 2.6 ([3; Lemma 2.5], [8; Lemma 1]) Let $n$ be a non-negative integer and
let $\{F_{m}|m=0,1, \ldots\}$ be a closed cover of a metrizable space $X$ such that dim $F_{m}\leq$
$(n-1)+m,$ $F_{m}\subset F_{m+1}$ for $m=0,1,$ $\ldots$ . Then for every open cover $\mathcal{U}$ of $X$ , there
are a sequence $\mathcal{V}_{1},$ $\mathcal{V}_{2},$ $\ldots$ of discrete families of open sets of $X$ and an open cover
$\mathcal{W}$ of $X$ which satisfy the following conditions:
(1) $\cup\{\mathcal{V}_{k}|k\in N\}$ is a cover of $X$ .
(2) $\cup\{\mathcal{V}_{k}|k\in N\}$ refines $\mathcal{U}$ .
(3) If $W\in \mathcal{W}$ satisfies $W\cap F_{m}\neq\emptyset$ , then $W$ meets at most one member of
$\mathcal{V}_{k}$ for $k\leq(n+0)+(n+1)+\ldots+(n+m)$ and meets no member of $\mathcal{V}_{k}$ for
$k>(n+0)+(n+1)+\ldots+(n+m)$ .
Let $Q^{*}$ denote the set of all rational numbers of the form $2^{-m_{1}}+\ldots+2^{-m}$ , where
$m_{1},\ldots,m_{t}$ are natural numbers satisfying $1\leq m_{1}<\ldots<m_{t}$ .
Essentially, the $f_{0}nowing$ lemma is the same as [3; Lemma 1.6]. By a $m\dot{i}$or
modification in the proof of [3; Lemma 1.6], we obtain the following lemma.
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Lemma 2.7 ([3; Lemma 2.6], [8; Lemma 3]) Let $n$ be a non-negative integer and
let { $F_{m}$ I $m=0,1,$ $\ldots$ } be a closed cover of a metrizable space $X$ such that dim $F_{m}\leq$
$(n-1)+m,$ $F_{m}\subset F_{m+1}$ for $m=0,1,$ $\ldots$ . Then for every $q\in Q^{*}$ , there is an open
cover $S(q)$ which satisfies the following conditions:
(1) $S(q)= \bigcup_{i=1}^{\infty}S^{i}(q)$ , where each $S^{i}(q)$ is discrete in $X$ .
(2) $\{St(x, S(q))|q\in Q^{*}\}$ is a neighborhood base at $x\in X$ .
(3) Let $p,$ $q\in Q^{*}$ and $p<q$ . Then $S(p)$ refines $S(q)$ .
(4) Let $p,$ $q\in Q^{*}$ and $p<q$ . If $S_{1}\in S^{i}(p)$ and $S_{2}\in S^{i}(q)$ , then $S_{1}\cap S_{2}=\emptyset$ or
$S_{1}\subset S_{2}$ .
(5) Let $p,$ $q\in Q^{*}$ and $p+q<1$ . Let $S_{1}\in S(p),$ $S_{2}\in S(q)$ and $S_{1}\cap S_{2}\neq\emptyset$ .
Then there is an $S_{3}\in S(p+q)$ such that $S_{1}\cup S_{2}\subset S_{3}$ .
(6) For every $q\in Q^{*}$ and every $S\in\cup\{S^{i}(q)|i>(n+0)+(n+1)+\ldots+(n+m)\}$,
$S\cap F_{m}=\emptyset$ .
By Lemma 2.6 and Lemma 2.7, we obtain the following theorem.
Theorem 2.8 Let $\alpha$ be an ordinal number utth $\alpha<w_{1}$ and let $n$ be a non-negative
integer. The following conditions are equivarent for a metrizable space $X$ :
$(a)$ sindX $\leq\omega\alpha+n$ .
$(b)$ There are an admissible metric $\rho$ for $X$ and a family $\{X_{\beta}|0\leq\beta\leq\alpha\}$
of closed sets of $X$ satisfing the following conditions: (b-1) $X_{0}=X,$ $X_{\beta}\supset X_{\beta’}$
for $\beta\leq\beta’\leq\alpha,$ $X_{\beta}=\cap\{X_{\beta’}|\beta’<\beta\}$ if $\beta$ is a limit, and $X_{\alpha}=\emptyset$ if $n=0$ .
(b-2) For every point $x$ of $X$ there are an open neighborhood $U(x)$ of $x$ in $X_{\beta(x)}$ ,
where $\beta(x)=\max\{\beta|x\in X_{\beta}\}$, and an $n(x)\in N_{\beta(x)}$ such that for every $\epsilon>0$ ,
every point $x’$ of $U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,y_{n(x)+2}$ of $X$ with
$\rho(S_{e/2}(x’), y_{i})<\epsilon$ for each $i=1,$ $\ldots,$ $n(x)+2$ , there are distinct natural numbers $i$
and $j$ such that $\rho(y_{i}, y_{j})<\epsilon$ , where
$N_{\beta(x)}=\{\begin{array}{ll}N, if \beta(x)<\alpha,\{n- 1\}, if \beta(x)=\alpha.\end{array}$
$(c)$ There are an admissible metric $\rho$ for $X$ and a family $\{X_{\beta}|0\leq\beta\leq\alpha\}$ of
closed sets of $X$ satisfing the following conditions: (c-1) $X_{0}=X,$ $X_{\beta}\supset X_{\beta’}$ for
$\beta\leq\beta’\leq\alpha,$ $X_{\beta}=\cap\{X_{\beta’}|\beta’<\beta\}$ if $\beta$ is a limit, and $X_{\alpha}=\emptyset$ if $n=0.$ (c-2)
For $eve\eta$ point $x$ of $X$ there are an open neighborhood $U(x)$ of $x$ in $X_{\beta(x)}$ , where
$\beta(x)=\max\{\beta|x\in X_{\beta}\}$ , and an $n(x)\in N_{\beta(x)}$ such that for every point $x’$ of
$U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}$ of $X$ , there are distinct natural
numbers $i$ and $j$ such that $\rho(y_{i}, y_{j})\leq p(x’, y_{j})\rangle$ where
$N_{\beta(x)}=\{\begin{array}{ll}N, if \beta(x)<\alpha,\{n- 1\}, if \beta(x)=\alpha.\end{array}$
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Remark 2.9 Let $\{X_{\beta}|0\leq\beta\leq\alpha\}$ be a family of closed sets of $X$ satisfing
the condition (b-1). Then we shall show that for every point $x$ of $X$ , there is
a maximum element $\beta(x)$ of $\{\beta|x\in X_{\beta}\}$ . Indeed, if $x\in X_{\lambda(\alpha)}$ , then $\beta(x)=$
$\max\{\beta|x\in X_{\beta}, \lambda(\alpha)\leq\beta\leq\alpha\}$ . Now, we suppose that $x\in X_{\lambda(\alpha)}$ , there is
a nmnimum element $\beta_{0}>0$ of $\{\beta|x\not\in X_{\beta}\}$ . Assume that $\beta_{0}$ is limit. By the
condition (b-1), $x\in\cap\{X_{\beta}|\beta<\beta_{0}\}=X_{\beta_{0}}$ . This contradicts the definition of $\beta_{0}$ .
Therefore $\beta_{0}$ is not limit and hence $\beta(x)=\beta_{0}-1$ .
By Theorems 1.2 and 2.8, we obtain the following theorem.
Theorem 2.10 Let $\alpha$ be an ordinal number with $\alpha<\omega_{1}$ and let $n$ be a non-negative
integer. The following conditio$7w$ are equivarent for a compact metreZable space $X$ :
$(a)$ sind $X\leq\omega\alpha+n$ .
$(d)$ The$re$ are an admissible totally bounded metmc $\rho$ forX and a family $\{X_{\beta}|0\leq$
$\beta\leq\alpha\}$ of closed sets of $X$ satisfing the following conditions: (d-1) $X_{0}=X$ ,
$X_{\beta}\supset X_{\beta’}$ for $\beta\leq\beta’\leq\alpha,$ $X_{\beta}=\cap\{X_{\beta’}|\beta’<\beta\}$ if $\beta$ is a limit, and $X_{\alpha}=\emptyset$
if $n=0.$ (d-2) For every point $x$ ofX there are an open neighborhood $U(x)$ of $x$
in $X_{\beta(x)}$ , where $\beta(x)=\max\{\beta|x\in X_{\beta}\}$ , and an $n(x)\in N_{\beta(x)}$ such that for every
point $x’$ of $U(x)$ and every $n(x)+2$ many points $y_{1},$ $\ldots,$ $y_{n(x)+2}ofX$ , there are natural
numbers $i,$ $j$ and $k$ such that $i\neq j$ and $\rho(y_{i}, y_{j})\leq\rho(x’, y_{k})$ , where
$N_{\beta(x)}=\{\begin{array}{ll}N, if \beta(x)<\alpha,\{n- 1\}, if \beta(x)=\alpha.\end{array}$
By Theorems 2.8 and 2.10, we obtain the Main Theorem 2.4 and Theorem 2.5.
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